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IN their book,1 Hayes and Probstein considered the Newton-
ian theory for the flow field in the vicinity of a conical-

symmetry plane. It is well known2- 3 that Newtonian theory
is not uniformly valid near the body surface where an entropy
layer forms. In a recent analysis to be published shortly,4
this author applied a generalization of the method of inner and
outer expansions to the hypersonic flow over a general conical
surface and obtained a thin shock-layer theory that is uni-
formly valid in the entropy layer. It is the purpose of this
note to apply this general theory to the conical symmetry
plane problem so as to illuminate the general nature of the
entropy layer corrections to the basic Newtonian theory.

Outer Solution (Newtonian Theory)

The general conical problem is formulated in conical-curvi-
linear coordinates r, £, 77, where r is the radial coordinate and
£, 77 is a set of orthogonal-curvilinear coordinates on the
spherical surface r = const (see Fig. 1 for notation and con-
vention). In the formal asymptotic analysis of Ref. 4, the
first term of the outer expansion is completely equivalent to
the usual Newtonian theory. Since the analytic properties
of the Newtonian theory for general conical surfaces have been
described in some detail in Ref. 5, we will not consider the
general theory herein. We simply note, for later comparison
with the inner solution, that the appropriate scalings for the
outer region are given by rj = e"1^, £, = e~X/Fco, p =
ep/pco, where r/ is the coordinate, v^ is the velocity component
normal to the body surface, p is the density, Fro is the free-
stream velocity, pm is the freestream density, and e is the
small parameter that in the present problem will be set equal
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Fig. 1 Streamline geometry near a symmetry plane.
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to the density ratio in the plane of symmetry. The radial
velocity vr, the lateral velocity v^ the pressure p, and the
entropy S, are 0(1) with respect to e, and the other coordi-
nate { is left unstretched.

The main deviation from the Newtonian solution is centered
about the solution for the crossflow streamlines. Hayes and
Probstein do not carry the Newtonian solution through to ob-
tain the equation for the streamline near the symmetry
plane. However, this result is given by Eq. (6.119) in Ref. 5,
and when converted to the Hayes-Probstein notation, it reads

r, = e taneroMc - 1)-2(£A* - 1 - Inf/^) + 0(£2)] (1)
where <ro is the flow deflection angle in the symmetry plane
and K is the ratio of the surface curvature in the symmetry
plane to the curvature of a circular cone of half angle o-0.
The crossflow stream function \f/ is defined so that \f/ = % at
the shock wave, and £ = #1/2/1 where xi and y\ are the Carte-
sian coordinates appearing in the Hayes-Probstein solution.
Thus,

rjs = e tancro - (K - 1)
(ic - I)2 + (2)

In Fig. 1 we have sketched a number of typical Newtonian
streamlines for the case K > 1 and for K < 1. We observe
that a typical streamline ^ enters the shock layer at a station
£ = \l/ and terminates at the body surface at station £ = K.I}/.
We note that for K > 1, the streamline pattern has a saddle
point and for K < 1 it has a nodal-point character. For
K = 1, there is no crossflow and the streamlines lie along body
normals.

The Newtonian streamlines are tangent to the body surface
at the termination point and, therefore, the body surface is an
envelope of Newtonian streamlines. If we also require the
body surface to be a stream surface, which it must be if the
lateral pressure gradient is nonzero, it is clear that the stream
function \l/ must be discontinuous at the body surface. It
follows that S, vr, and p are also discontinuous at the body
surface in the Newtonian approximation.

It is important to note that the point 0 in Fig. 1 is not an
isolated stagnation point within the Newtonian approxima-
tion. As a result, we find that this point is neither a branch-
point nor a nodal-point singularity of the Newtonian equa-
tions. On the contrary, we find that these expected point
singularities are spread out over the body surface as e — > 0.

Inner Solution (Entropy Layer)

In the previous paragraphs we have seen that the New-
tonian solution is discontinuous at the body surface. If we
try to improve the solution by constructing higher-order
terms of the outer expansion, we find that these additional
terms are logarithmically singular2"4 at the body surface.
A preliminary analysis indicates that this breakdown of the
outer expansion is caused by the neglect of the effect of the
lateral pressure gradients on the lateral component of velocity,
v$. This effect is accounted for in a systematic fashion by
constructing a formal asymptotic expansion that, by design,
is valid near the body surface.

By a relatively simple order of magnitude analysis we find
that the scaled variables appropriate for the inner region are
given by

p = p Vj: = e~lv% = e^^/Foo

where F is an arbitrary function introduced in order to
simplify some of the final formulas. The remaining variables
are unsealed with respect to e. The inner solution is ob-
tained by expanding the exact equations, written in terms of
inner variables in powers of e. It turns out that the pressure
is constant across the inner region to all orders. The solu-
tion for the remaining variables can be reduced to quadrature
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by carrying out the expansion in Von Mises streamline co-
ordinates £, \l/} as in the outer region. The solution of the
first-order inner equations for a general conical surface is
given below4:

= - 2RW)ri

s =
p = p6(

= P(pb,S)
(3)

(*) dt dt

where R, S, and £* are arbitrary functions of \f/, and pb(£) is
the surface pressure. All of these functions are to be deter-
mined along with F(\f/) by matching conditions. It is im-
portant to note that the functions £* and F are not indepen-
dent. One can be selected arbitrarily and the remaining one
is fixed by the matching condition.

In this problem, the inner and outer regions unfortunately
do not overlap and the expansions cannot be matched as they
stand. Usually, the thing to do is to introduce a third ex-
pansion that is valid in some transition region that overlaps
the inner and outer regions. The author has found it con-
venient to proceed via an alternative approach which enables
one to resolve the matching problem without introducing a
third expansion. Basically, the idea is to apply the Poin-
care-Lighthill-Kuo (PLK) method6 to the outer expansion to
weaken the singularities present in that expansion, thereby
extending its region of validity. This amounts to replacing
the variable £ in the Newtonian solution by the "strained''
coordinate z, which is defined by the expansion

£ = z 4- e^Cz, \l/) + (4)

where £(1)(z5 ^) is to be determined by the condition that the
regions of validity of the strained outer solution and inner
solution overlap. It can be shown4 that this condition is
satisfied by the choice

X

where £o(1)OM is a regular function of \l/ that will not enter into
the first-order uniformly valid solution, and £&(^) is given by

&>W == ^ + tan~1[%»0/')Aroo(i/')] (6)

By carrying out the matching, we find that p&(£) and S(\l/) are
given by their Newtonian values and R(\fs), £*(*A)? and F(\l/)
are given by the relations

= [»*.*(*) +»»*«') I1'

dfe
(7)

- W

where the freestream velocity components are to be evaluated
at the body surface. A composite expansion can be con-
structed in the usual way.

Uniformly Valid Solution at a Symmetry Plane

A solution near a symmetry plane can be obtained by re-
placing £ by z in Eq. (1) and then expanding £(1)(2, \f/) and the
inner solution in powers of £. Carrying this out for the
streamlines we find the following:

1.2
e = .1667
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Fig. 2 Stream-function distribution near a saddle point.

Outer solution

[K(K - l)~\z/^ - 1

where
g(K) = - 3[K/K -

Inner solution

fi} (8b)

2 In/c] (8c)

(9)

where for K > 1 (saddle point), N(\l/) = tan<ro/2/c,
2/0 (K) ; and for K < 1 (nodal point),

and A^(^) is a function that depends on the stream-function
distribution away from the nodal point. Because the stream-
lines at the base of a nodal point cross the shock wave at a
distance from the symmetry plane, the functions Nty),
S(\l/)} and /ji(\l/) are not determined by local conditions near
the symmetry plane. For a saddle point, the solution is en-
tirely local, and we can carry the explicit solution one step
further and construct the composite solution for the stream-
lines. The result is given below where (K > 1, saddle point):

Composite solution

1& *, 10 = e[£/z]2/^>Mancro/(/c - I)2] X
r z (z \ir I/K - i i2**/*4 - i - in( ~) , ; * ,[_K\IS W/JLCsAiM - iJ

Equations (10) and (8b) yield a parametric representation
for the uniformly valid solution for the streamlines near the
plane of symmetry of a saddle point.

In Fig. 2, we have plotted the stream-function distribution
across the shock layer in the vicinity of a saddle-point plane of
symmetry for e = 0.1667 and K = 1.5, 1.2. These results
clearly show the very strong boundary-layer effects near the
cone surface. We note the very large effect of the PLK
straining on the outer solution. From these results, it is
clear that the unstrained outer solution does not match the
inner solution.

Note that the entropy layer becomes thinner as K —>- 1.
This is related to the fact that there is an entropy-layer effect
for K -> 1 and e = 0(1) which would occur in the supersonic
flow over a circular cone at small yaw.
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Radiation Stresses on Real Surfaces
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Nomenclature
arbitrary function of 0 and <p, Eq. (4)
solar irradiation normal to a surface, ergs /sec-cm2

spectral radiant intensity, ergs/sec-cm2-sr-/*; I+ = leav-
ing, I~ = incident, 7& = ideal Planckian radiator

surface stress, dynes/cm2-sr-/x; PXj Py, and Pz = stresses
in the x} y, and z directions of the surface '

absolute temperature, °K
velocity of light, 2.998 X 1010 cm/sec
reflection distribution function, as defined by 7+(02, <pz) = •

/(0i, <pi, 02, #2)7 ~(0i, <PI) cosflidQi. where Oi is the solid angle
of the source

Planck's const, 6.625 X 10 ~27 erg-sec
emittance
polar angle of spherical coordinate system; 0i = incident,

02 = leaving, 00 = incidence for solar irradiation
wavelength, /*; used as a subscript to denote the mono-

chromatic dependency of the subscripted quantity
frequency, sec"1

3.14159
reflectance
azimuthal angle of spherical coordinate system; & — in-

cident, <f>2 = leaving, <pQ = incidence for solar irradiation

J? =
G =
7 =

P =

T =
c =

h =

X =

p
<p

RECENTLY there have been a number of papers on radia-
tion forces. Clancy and Mitchell1 have shown the

effect of radiation-induced torques upon satellite attitude
under the assumption of specularly reflecting surfaces. A
similar analysis was performed by Polyakhova with the spec-
ular assumption. Holl3 utilized Fresnel's equations as a more
realistic approach to the angular variation of reflectance.
The purpose of this note is to give the general expression for
the radiation stress on a surface of arbitrary reflecting proper-
ties, i.e., real, not necessarily perfectly specular or perfectly
diffuse. Knowledge of these stresses is important in accu-
rately predicting disturbance torques on gravity-gradient
stabilized systems.

In the computation of radiation transfer between real sur-
faces, spectral radiant intensity 7 (6, <p, X) (ergs/sec-cm2-sr-ju)
is employed to give the power in direction 6, <p per unit normal
area, solid angle, and wavelength bandwidth. The quantity 7
can be determined when the reflection distribution function is
known. These quantities, the radiant intensity and reflection
distribution function, can be employed to calculate force per
unit area on real surfaces caused by impinging or departing
streams of photons. Such surface stresses (not just pressures)
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are needed in order to calculate forces and moments causing
space vehicles to change trajectory and attitude.

According to Einstein's photoelectric law, any particle
carries energy hv. A photon traveling at the speed of light
carries momentum hv/c. The momentum stream per unit
normal area, solid angle, and wavelength bandwidth in the
direction 6, <p is then 7/c (dynes/cm2-sr-ju). This stream
gives rise to a force according to Newton's laws. The stress
vector on a surface is thus equal to minus the integral of the
momentum stream over all solid angles:

= _ f °° r2?r r *
~~ Jo Jo Jo

sin0
sin0
cos0

- 1 sin0

(1)
Two radiant fluxes must be distinguished, one impinging

with (Fig. 1) intensity 7~ and the other departing with in-
tensity 7+. If the incident flux 7~ is known, the departing
flux from a surface in a state of thermodynamic equilibrium
at temperature T is given by the reflection distribution func-
tion4 /(0i, <pi, 02, <p2, X) and the directional emissivity (related to
an integral of the reflection distribution function) .5 The sub-
script 1 denotes incidence directions, and subscript 2 denotes
departing directions:

7 + (02, <P2, X) =

'/2 ^ ,n

} X)

sin<91

where 7& is the blackbody intensity by Planck's law.
the complete expression for the surface stress is

Thus

r/2 sin0i
sin 0i
COS0i

X

•(7)sin91 — I I IJo Jo Jc
r/2 sin02

sin02
COS02

X

02, <£>2, X) sin0i sin02 (3)

Several special cases of Eq. (3) can be readily integrated to
closed form. First, if 7 ~ is nearly collimated as is solar radia-
tion at the earth's distance from the sun, the integration over
0i and cpi reduces as follows:
/• oo /• 2ir /» 7T/2

Jo Jo Jo 7 sin0i

G cos00F(00, < (4)

Angle 0o is the polar angle between the surface normal and the
line of sight to the center of the sun or other source, and <£>o is
the azimuthal angle measured in the plane of the surface.
Taking F to be successively each of the functions in Eq. (3)
transforms Eq. (3) to

P*
Py
P,

sin0 cos
sin 00 sin
cos 00

r /• x/2 j

Jo 1

<PQ
<£o

sir
sir
CO

fG\[ - ] cosW
102 COS<£>3

102 COS<£>2

S02

— } cos00/(0o, <£o, 02, <?2, X) > sin02 (5)

If the reflection distribution function is that for a perfectly
diffuse or a perfectly specular surface, then Eq. (5) can be re-
duced further. For a perfectly diffuse surface,/(00, <£>o, 0o, <£>2, X)


